In a previous work, we have been able to settle Jackiw's et al. chiral gauge theory for Dirac fermions in graphene in an N =1 supersymmetric framework, using a τ3-QED prescription, defined by means of a single pair of gauge charged superfields, but without preserving a global phase symmetry associated to the electric charge. In the present work, we propose another N =1-generalisation which indeed preserves this symmetry, namely, a straightforward extension built upon a set of two pairs of (chiral) gaugecharged superfields plus an extra pair of electrically neutral superfields. We then further proceed to establish, via a dimensional reduction procedure, an N =2 extension, allowing for the identification of non-perturbative features, as we put forward Bogomol'nyi equations and obtain vortex-like solutions saturating a topologically non-trivial bound. Remarkably, the bosonic projection of the N =2 functional space onto the saturated regime analysed herewith reveals to be free from extra scalar degrees of freedom that would otherwise demand a phenomenological interpretation. The investigation of Jackiw's model within an N =2 complex superspace is also motivated by the assumption that an R-parity-like symmetry could provide a route to incorporate the global phase-fermion number invariance as an external-like symmetry of the theory, thus associating the electric charge in graphene to the complex covariance (super-)space for the N =2-D=3 setup. We prove such a hypothesis to be realisable, as we build up the model endowed with all the symmetries required to further extend Jackiw's chiral gauge theory. *
Introduction
Although theoretically studied since 1947 [1] , graphene [2] was produced for the first time only in 2004 [3, 4, 5, 6] . It is a monolayer, two-dimensional honeycomb array of carbon atoms and shows very interesting properties [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30] , many of which are condensed-matter manifestations of identical ones in high energy physics (HEP) [31, 32, 33, 34, 35, 36, 37] . Furthermore, similarities with other equally interesting, new materials such as topological insulators [38, 39, 40] have been found [41, 42] , with potential applications in spintronics or quantum computation [43] . In this line of development, the emergence of Majorana fermions [44, 45, 46, 47, 48, 49, 50, 51, 52, 53] in graphene is a theoretical perspective, although not yet experimentally realised.
Among the many aspects of HEP related to graphene, we extensively use here the gauge and scalar fields that emerge from deformations or inhomogeneities of the honeycomb lattice [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 34, 54, 55, 56, 57] 1 , in addition to the Dirac fermion that describes the low energetic electrons in graphene. As we have already done in Ref. [59] , the chiral model proposed by Jackiw et al. [60, 61, 62] is given special attention. In addition, we propose supersymmetry (SUSY), as we have already done in Ref. [59] , but now with emphasis on analysing the N =2-extension and on the realisation of the full set of symmetries defined in Jackiw's et al. theoretical setup. With this purpose, we discuss the invariances of our N =2-supersymmetric model, paying special attention to the (local) Jackiw's chiral gauge symmetry and the global phase symmetry, the latter initially proposed by Jackiw and co-authors to be associated to the electric charge of the electron. In this paper, we show that the global phase symmetry can be realised through an inherent N =2-superspace-structure R-parity-like invariance, thus establishing an interesting connection between the conservation of the electric charge and an external (super-)space symmetry.
We also perform a phenomenological approach, as we work on finding vortex solutions. The relationship between SUSY and BPS-vortex solutions was proven in Refs. [63, 64, 65, 66] , where Bogomol'nyi equations emerge if half of the supersymmetries have the corresponding generator action onto the fields leading to a null result. By these means, we succeed to find vortices in graphene, as shown in detail below. These solutions are a good indication for our model, since there are many works in graphene literature that also predict vortices, the most proeminent one, in this case, being exactly the abovementioned Jackiw's et al. model. Thus, as shown in the present work, SUSY may also be viewed as a possible theoretical mechanism on its own merit, to be used with the simple purpose of obtaining vortex solutions without any need of an a priori interpretation of superpartner fields. Interestingly enough, for the particular BPS state obtained in this work, extra bosonic superpartners inherent to the SUSY-extension are shown to vanish. Experimental tests of vortex solutions are attainable by means of available techniques, sometimes referred to as 'artificial' graphene, which allow to implement Dirac fermions as well as the gauge and scalar fields by means of other base material. Those experimental setups are: ultracold atom optical-lattice graphene [67] and STMassembled molecular graphene [68] . In many cases, it is easier to control and deal with these materials than with graphene itself. For example, in Ref. [69] , a vortex solution is proposed in detail for the molecular graphene constructed in Ref. [68] .
The present work is organised as follows: we shall review, in the next Section, some basic facts about the mentioned chiral gauge theory and, in Section 3, we shall set up the main aspects of its N =1 supersymmetric generalisation, as done in the work of Ref. [59] . We then present an alternative N =1 SUSY model augmented by an extra pair of N =1 scalar superfields, and we discuss the features that distinguish the two proposals. Then, in Section 4, we shall explicitly build up an N =2-supersymmetric action in (2+1)-dimension space-time, obtained as the result of a dimensional reduction procedure performed upon a suitable N =1-D=3+1 supersymmetric theory. We also present the proper R-Parity prescription that plays the role of the fermion number/electric charge global symmetry. We conclude Section 4 by exhibiting the N =2-D=3 SUSY functional that extends the action of Ref. [60] , with full realisation of the complete set of proposed symmetries. In Section 5, Bogomol'nyi equations and corresponding vortex solutions are obtained, and numerical simulations are presented. Finally, conclusions and perspectives are depicted in the last Section.
Jackiw's chiral gauge theory for graphene
In 2000, Chamon studied in detail [70] some consequences of the so-called Kekulé distortion in a honeycomb array of carbon atoms. In 2007, Hou, Chamon and Mudry (HCM) extended this idea [71] considering a Kekulé texture, that is, a different Kekulé distortion in each point of the plane, thus introducing a scalar field, which will be represented here by ϕ. Some time later, in order to provide dynamics and finite energy to the vortices described by HCM, Jackiw and Pi [60] introduced a gauge field A µ to their model, thus formulating the chiral gauge theory that will be summarised in the present Section. For more details about this theory and its extensions [61, 62] , the reader is referred to the original articles.
Jackiw's et al. model is described by the following Lagrangian density:
with µ spanning the values (0,1,2); the gamma matrices given by γ µ = (σ z , iσ y , −iσ x ), with σ j (j = x, y, z) being the usual Pauli matrices; ψ + and ψ − being the two-component spinors describing electrons in graphene; ϕ, the complex scalar field describing the Kekulé texture; and the covariant derivatives iD + µ = i∂ µ − qA µ and iD − µ = i∂ µ + qA µ , where A µ is the gauge field and g and q are coupling constants. The model is invariant under the following local chiral transformation:
where
and
with I being the 2 × 2 identity matrix. Also, a discrete Parity symmetry prevails:
Moreover, this system possesses a global fermion number symmetry, with just the Fermi fields transforming with a constant phase: Ψ → e iα Ψ. Consequently, as for the set of continuous symmetries, one can list a local chiral U (1) and a global U (1) fermion number invariances. At this point, we would like to stress that the gauged Abelian symmetry does not represent the usual interaction between electrically charged matter and the gauge boson. As a matter of fact, it is the additional global Abelian phase symmetry that happens to be related to the electric charge. Because the theory resides in (2 + 1) dimensions, no chiral anomalies interfere with the chiral gauge symmetry.
N =1-D=1+2-Supersymmetric Actions
Adopting, for the N =1-D=1+2 superspace, the usual (x µ , θ) parameterisation, where x µ are the coordinates of the D=1+2 spacetime and the fermionic coordinates, θ, are Majorana spinors, θ c = θ, we define the complex scalar N =1, D=(2+1)-superfields with opposed U (1)-charges, Φ + and Φ − , as
where A ± are complex scalars, ψ ± are Dirac spinors and F ± are auxiliary scalar fields that obey the following supersymmetry transformations:
Notice that, by introducing A ± and ψ ± as components of the same superfield, the scalars cannot be neutral under the global phase -U (1) transformation [60, 62] if such a symmetry is imposed at the (susycovariant) level of superfields. Thus, one faces two alternative strategies to implement the electric charge related phase invariance: either one redefines the phase transformation by means of the superspace structure, if such a redefinition is indeed achievable, or one has to supplement the functional space with (at least) an extra superfield. This additional complex scalar susy-multiplet must then be invariant under the global phase transformation, leaving its zero-θ complex scalar component-field invariant as well. We now present a summary of the N =1 framework upon which the supersymmetric extension of Jackiw-Pi's chiral gauge theory was worked out in Ref. [59] , and, after exhibiting that model, we turn to another N =1 generalisation of Jackiw-Pi's construction, obtained in a straightforward approach, by means of introducing a pair of additional superfields.
In the Wess-Zumino gauge, the gauge superconnection, Γ a , is written as
where A µ is the gauge boson and λ a is its partner, the gaugino (Majorana spinor), with the spinorial index a ranging from 1 to 2. Defining the "field-strength" superfield W a as
with covariant derivatives given by
where ∂ a = ∂/∂θ a and ∂ a = ∂/∂θ a , one obtains
are the generators of the Lorentz group in (2+1) space-time dimensions and, as usual,
The gauge covariant derivatives that act on the matter fields with opposed U (1)-charges, Φ + and Φ − , are respectively given by where f and h are (real) coupling constants (to be associated later with Jackiw-Pi's g present in Eq. (1)). The quartic term with coupling constant h explicitly breaks the global U (1)-phase fermion number symmetry. Nevertheless, this term may be kept in order to investigate possible regimes where the chiral interaction dominates over the forces dictated by the global symmetry. The chiral symmetry has a dynamical character in that it dictates a gauge interaction; on the other hand, the global fermion number appears to have only a kinematic character. The latter classifies the states and field configurations (e.g., vortices in Refs. [60, 62] ) without, however, introducing gauge-type interactions. Nothing prevents us from setting h = 0 whenever we wish to recover results for which fermion number conservation is mandatory, but we wish to avoid such a restriction to the superpotential.
It was shown in Ref. [59] that the model summarised above produces the following component-wise expression for the spinor-scalar 3-and 4-vertex sectors of the complete supersymmetric action:
The content of the above Lagrangian density together with the fermionic minimal couplings with the gauge boson that emerges in the component-wise version of Eq. (17) demonstrate that the supersymmetric τ 3 -QED theory given in Eq. (17), supplemented by a Φ 4 -term given in Eq. (18), provides a theoretical framework that extends Jackiw-Pi's original chiral gauge theory [60] , represented here by Eq. (1), whenever one gives up the global phase symmetry. After some identifications, for example, in a crude comparison, one would associate Jackiw-Pi's scalar field ϕ with local-U (1) doubly charged combinations of squares of the type A 2 + , A 2 − and complex conjugates, which naturally arise from our quartic superfield action, Eq. (18) . Nevertheless, such combinations face the issue of having undefined global phase transformation rule, whenever one attempts to implement the symmetry exclusively at the level of superfields, as we have anticipated. In other words, a global phase variation of Φ ± would imply that the scalar field A ± should transform evenly with the corresponding fermions ψ ± , which in their turn should vary with the same phase (as both ψ + and ψ − compose the description of the electron). As it goes, a combination of the kind A * + 2 − A 2 − renders the scalar field in the Yukawa term undefined w.r.t. the global phase transformation. Furthermore, to exactly identify terms and degrees of freedom one should establish the proper combinations of fermions that diagonalise the mass matrix (eigenvectors) upon a particular choice of scalar fields configuration that minimises the potential 3 .
An Alternative Approach
As an alternative to the N =1-supersymmetric τ 3 -QED approach, we now present a straightforward N =1-generalisation of Jackiw-Pi's chiral gauge theory [60] . The guiding idea is to implement the original symmetries in the minimum possible set of operators. One is then commited to the susy extension of a minimal coupling matter-gauge interaction plus a Yukawa term, where the scalar degrees of freedom coupled to fermions should regard the global phase transformation as an identity operation. With this purpose, one would introduce a single extra complex scalar superfield meant to host a global phase invariant scalar.
3 Indeed, this was done in Ref. [59] , but unfortunately a mistake was made by us with respect to the values of the fermion masses in the published version (they are right in the preprint informed in Ref. [59] , and no consequences to the conclusions are implied), hence we would like to stress here the correct information: the five fermion masses values after diagonalisation are not the three degenerate null values and the two degenerate others with value −m as stated in the published version, but, instead, they are those informed in the preprint version, namely: two denerate null outcomes; one −m value; and two masses given by − m 2
, where the assumption h = 0 was explicitly made in this particular calculation.
However, the requirement of invariance under parity symmetry and the reality constraint impose a pair of complex scalar superfields as a solution to a full symmetric action 4 :
where the ±-indices carried by the Ω superfields refer to the same U (1)-gauge symmetry charges associated to the Φ ± supermultiplets. Concerning the components, φ ± are complex scalar fields, ω ± are Dirac spinors and S ± are auxiliary scalar fields, at the very same footing of the component fields in Φ ± . Parity also acts on Ω ± in strict analogy with its effect on Φ ± :
As for the global phase symmetry, the Φ-superfields transform according to Φ ′ ± = e iα Φ ± , so sharing the same "electric charge"
5 .
The Ω-superfields, as already discussed, remain invariant. The N =1-D=1+2 susy action follows:
The associated component-wise action reads
where the last line stands for the quartic interactions, as we focus on the Yukawa terms that reproduce Jackiw-Pi's chiral gauge model. 4 A single extra superfield Ω would lead the quartic interaction that is meant to reproduce Jackiw-Pi's Yukawa term to the inconsistent mapping, under Parity, of an operator of the kind Φ † + Φ − Ω 2 onto its hermitian conjugate and vice-versa. As the superpotential must be odd with respect to Parity -the integration measure being odd as well, the superpotential would be an imaginary quantity, and an i correcting factor would jeopardise the generalisation of Jackiw-Pi's model. On the other hand, one could consider a 3-vertex proposal, realised through the superpotential h ′ Φ †
where a single extra Ω-superfield is Parity-transformed onto −Ω † . Nevertheless, as we consider a (2 + 1)-dimensional model, a 3-vertex superpotential would allow to regard the coupling constant h ′ as a v.e.v of a field, with yet undefined transformation properties, a possibility that we have chosen to avoid so far. 5 One should remark that as far as the fields ψ + and ψ − are taken as solutions of a formally relativistic Dirac equation, both particle (electron) and anti-particle ("hole") degrees of freedom are considered in this work. On this token, from a fieldtheoretical point of view, we keep the assignment "electron field", with all implications that arise from a Dirac equation. A complete approach to proper identification of electron and "hole" degrees of freedom, described upon the basis spanned by ψ + and ψ − , as well as comments on the connection between charge and (pseudo)spin in (2+1)D can be found, e.g., in the work of Ref. [2] .
N =2-Supersymmetric Generalisation
As we pointed out in the beginning of the previous section, in order to conciliate the supersymmetric framework and the requirement of fermion number symmetry one should choose one of the following alternative (but not necessarily exclusive of the other) routes: either one incorporates the global phase transformation in the superspace structure or one enlarges the functional space, bringing extra superfields to the analysis. The latter strategy has been adopted at the N =1-level, as shown in the previous section. We now set up to investigate whether the former option is indeed of a feasible nature. First of all, one should notice that a global phase transformation acting on the fermionic coordinates of superpace requires a complex structure to make sense. In other words, a phase variation could not occur to real (or intrinsically real, with a real content) θ coordinates. Consequently, N =1-D=3 superspace does not exhibit sufficient structure to absorb the phase shift, as the θ's are Majorana fermions. As a matter of fact, one is moved to enhance the susy framework by constructing an N =2 theoretical model. The Grassmannian parameterisation of the N =2-D=3-superspace is composed of complex Dirac coordinates, upon which it is possible to define a phase transformation.
At this point we would stress the fact that performing an N =2 extension to a gauge theory that encompasses charged scalars is worthwhile by itself, as one provides the model with the proper framework to explore vortex solutions.
As an algorithm to obtain an N =2-D=2+1 gauge theory, one may build an N =1-D=3+1 father model and take advantage of the different dimensionalities associated to spinorial representations of SO(1, 3) and SO(1, 2) to reduce the original N =1-model in the higher dimension to an N =2-model in the target, lower dimension. We shall proceed to the dimensional reduction at the level of superspace/superfields [74] , writing the integration measure and the superfield expansions in a four-component representation-invariant parameterisation. We then choose a diagonal Majorana representation and split each four-component D=1+3 Majorana spinor into two SO(1, 2)-independent two-component Majorana spinors. This fermionic content is then re-written in terms of pairs of two hermitian conjugation related Dirac spinors. Also, one takes ∂ 3 (∀ f ield) = 0 to be valid. The departure four-component N =1-D=4 superspace coordinates and superfields read:
V , Φ, Φ, where the following susy-covariant constraints and equalities hold:
where, from now on, the indices likeμ stand for a D=4 range, i.e., they range from 0 to 3, while indices like µ still stand for a range from 0 to 2. The σμ matrices are just the three Pauli matrices plus a temporal component σ 0 which is the 2×2 identity matrix (correspondingly,σμ = (1, −σ i )). The resulting expansions, already in four-component representation-invariant parameterisation, are
where the spinorial indices α and β encompass a andȧ, thus ranging from 1 to 4 and Γμ are the usual D = 4 Dirac gamma matrices in the Weyl representation 6 . The uncontracted index of the super-field-strength W α indicates a dependence on the representation, a fact that has no consequence as the only insertion of W a in the (super-)Lagrangian happens through the contracted square W a W a . In 4-component Majorana representation, the superspace coordinates, the spinorial superfield W and the spinorial component fields read
As the dimensional reduction is performed, each 4-component Majorana spinor splits into a pair of independent two-component Majorana spinors. One can also describe the fermionic degrees of freedom by means of pairs of complex Dirac spinors, built as pairs of hermitian conjugation-related linear combinations of the Majorana spinors. For instance, one defines Dirac superfields
and Dirac fermionic component fields
This is also valid for the superspace integration measure:
the last expression carried out through Majorana factors, while the chiral measure, d 2 θ, strongly suggests the Dirac parameterisation:
with the definition of complex Dirac superspace coordinates, θ ± ≡ θ ± iτ , being a particular case of a general recipe for 3D Dirac complex spinors, namely, ψ ± ≡ ψ 1 ± iψ 2 , where ψ 1 and ψ 2 are 3D Majorana spinors originated from the same 4-dimensional spinor. The three-dimensional superfield expansions read:
where, as usual, a "slash" means contraction with γ µ : / A = γ µ A µ , and so on. The last two expansions render evident a kind of 3D chirality, a descent of the original four-dimensional genuine chiral nature of the scalar superfield Φ. The room for this planar chirality is provided by the extended superspace. At this point, one should notice that if the Dirac component-fields of (Φ, Φ), X + and X − , are meant to compose the 3D four-component Dirac spinor describing the electron in graphene, they should have opposite chiral gaugecharges, which is obviously true after the reciprocal charge conjugation map, and the same global phase transformation. If a global phase symmetry would be incorporated to the N =2-superspace coordinates structure, the complex spinors θ + and θ − should transform with opposite phase shifts (θ + = θ − c , where the superscript c means charge-conjugation) 7 . We have already presented all the ingredients that one would collect to propose an N =2-D=3 generalisation of Jackiw-Pi's model. However, before we put forward an action functional, some remarks are mandatory: i) one cannot make superspace coordinates rotate globally in the same way, for they are either independent Majorana (real) parameters (N =1 setup) or charge conjugation (which conveys a complex conjugation)-related Dirac fermions. In the former case, no phase transformation is allowed; in the latter scenario, the 
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coordinates must rotate with opposite phase signs. As the two independent Dirac θ's, θ + and θ − , accompany differently gauge-charged Dirac fermions (say, X + and X − respectively) that should rotate globally in the very same way, the Grassmannian N =2 coordinate structure transformation must be compensated by an unequal functional global phase variation of the superfields, and the evenly charged Dirac fermions that compose the graphene electron spinor should come from different superfields; this prescription matches exactly an R-parity-like N =2-D=3 transformation with a particular choice of r-character attribution to each superfield; ii) although one manages to realise the global phase symmetry as a consequence of the extended N =2-superpace structure, the project of avoiding extra supermultiplets remains unfulfilled. There is a need for another gauge-charged superfield, Ψ, for two reasons: first, as already mentioned, if R-parity symmetry is to be defined in this theory, the two two-component Dirac fermions that span the electron spinor must come from different superfields; as for the second motivation, the spinors in Φ do not fulfill the dimensionallydoubled 2+1-fermionic representation that describe the electrons in graphene. As a matter of fact, X + and X − contain the fermionic degrees of freedom associated to a pair of 3D Majorana spinors, namely, χ and ω, which match the content of a single 3D Dirac fermion. The electron in graphene demands a pair of 3D Dirac fermions to stand for its description. Thus, one should consider another matter superfield, say, Ψ, obeying the same susy-covariant constraints that define Φ. We would like to stress that this is not an enlargement of functional space, but just an accomodation of the electronic degrees of freedom in the N =2 framework;
iii) along with the completeness of fermionic degrees of freedom, one faces again the demand to establish the supermultiplet that hosts the invariant -with respect to the global phase -scalar field that enters the Jackiw-Pi's Yukawa interaction. We shall show that, w.r.t. the R-parity construction, one can easily assign global phase invariance to a scalar component that belongs either to the "original" superfield Φ or to the "extra" multiplet Ψ (as we have just commented on, the set (Φ,Ψ) is minimal). Nevertheless, as R-parity is a symmetry inherited from an N =1-D=4 setup, well defined upon chiral or anti-chiral superpotentials, the construction of an R-parity-like invariance in our D = 3 model requires the N =2 analog of defined chirality, excluding superpotentials that present mixed (w.r.t. complex conjugation) terms of the kind ΦΨΨ 2 . On the other hand, as one deals with gauge-invariant operators, a scalar field having a graphene electron fermion component as a susy-partner -so sharing the same gauge-charge, should be brought into the Lagrangian by a compensating complex-conjugated superfield, thus defining a term that breaks the R-parity requirement for well-defined chirality. As a matter of fact, one has to consider an extra scalar superfield (also of the same susy-tensorial kind of Φ), say, Ω, that exhibits opposite gauge-charge with respect to Φ and Ψ. We now present the N =1-D=4 father model, and in the sequel the descendant N =2-D=3 action functional that extends Jackiw-Pi's model is depicted:
where the super-fieldstrength, W a , is defined as
2 D a V, and the vector-superfield V reads as presented in eq. (23) . Also, the superfields Φ, Ψ and Ω share the same susy-covariant constraint (chiral superfields) with the multiplet expanded in eq. (24) . The dimensionally reduced action now follows:
The superfields Ψ and Ω of the latter functional hold the following expansions:
with the Ψ expansion bringing about ρ * and ψ − ≡ ξ − iβ, and the Ω expansion exhibiting the fields φ * and κ − ≡ δ − iσ as components. The symmetries are:
Gauge transformation:
where Λ is an N =2 parametric superfield that obeys the same susy-constraints defining Φ. Parity, acting on the superspace coordinates:
which implies θ P + = iγ 0 γ 2 θ − and θ
It is now evident that Parity relates chiral and anti-chiral sectors of N =2-D=1+2 superspace. Moreover, the fermionic field meant to describe the electron in graphene should be composed by two independent complex Dirac spinors, a fact that indicates that the appropriate candidate is a pair (ψ + , X − ), or equivalently a pair (X + , ψ − ) 8 . On this token, Parity should map ψ + onto X − , and conversely, bring X − back to ψ + . Consequently, as ψ + is a component-field in the expansion of Ψ and X − plays the analogous role in the expansion of Φ (mind the bar!!), the action of Parity at the level of superfields yields
and the Parity role in the interplay of N =2 chiralities is again evident. This picture is fully consistent with the fact that the two components of the pair (of complex 3D Dirac spinors) that describe the electron in graphene should have the same global phase/fermion number transformation, while exhibiting opposite gauge-charges.
In the following subsection, we present the R-parity prescription for the global phase symmetry associated to electric charge in graphene.
The R-Parity Prescription
We define R-parity transformation, in an N =1-D=4 framework, as the result of combined θ (and θ)-coordinate rotation and superfield functional phase variation. We shall take advantage of the dimensional reduction procedure described in the beginning of this Section to establish the corresponding N =2-D=3-θ + , θ − -coordinate and superfields transformation. According to (24) , a D=4 term like θ a ψ a can be written in a representation-invariant formulation as ΘΓ L Ψ. The variation θ 
Thus, the components of the graphene electron spinor transform with the same global phase, allowing for the interpretation of the fermion number/electric charge symmetry as an R-parity-like superspace invariance.
To complete the reasoning, one can easily verify that the scalar field meant to play a role in the Jackiw-Pi's Yukawa term happens to be invariant (neutral) under the R-parity-like (fermion number) transformation: as φ belongs to the Ω supermultiplet, and n Ω = 0, φ R-Parity −−−−→ e 2i(nΩ)α φ = φ. The set of symmetries is then complete 10 , as we have been able to express the local-U(1) (axial gauge) symmetry, the discrete Parity symmetry and the R-parity-like global phase (fermion number/electric charge) invariance. Finally, the N =2-D=3 supersymmetric component-wise action reads:
One should note the insertion of a gauge symmetric Fayet-Iliopoulos term [75] 11 , hv 2 ∆, meant to allow for topologically non-trivial vortex solutions. One can now recognise, among the set of terms spanned by the quartic interaction gΦΨΩ 2 and its hermitian conjugate, the operators gψ − X + φ 2 + gψ + X − φ * 2 , endowed with all the properties and transformation rules that define the Yukawa terms in the Jackiw-Pi's model, Eq. (1).
5 Bogomol'nyi equations: the minimum energy vortex configuration ansatz
An extended supersymmetry algebra allows for a non-trivial minimum (bound) for the energy functional whenever half of the supersymmetries (one of the two we work upon in an N =2 context) are taken to have a null transformation effect onto the fields [63, 64, 65, 66] . Such a bound happens to be associated to the 10 The model is also invariant under an additional Global Phase Transformation:
We could as well take this global functional variation of superfields as the prescription for the global fermion number/electric charge symmetry. We nevertheless shall keep the R-parity-like interpretation for the electric charge, as we wish to explore all the possibilities associated to the N =2-extended supersymmetric framework.
11 Such a term does not affect the N =2-symmetry of the action, as it N =2-transforms as a total derivative.
central charge of the extended susy algebra. Also, the bound conveys topological information, as one can show that its value is proportional to the magnetic flux, a fact that leads to a direct relation between the central and the topological charges. The null variation of the fermionic fields with respect to one of the supersymmetries gives rise to first-order differential equations obeyed by the bosonic fields at the bound, then said to be saturated. So, a minimum energy configuration satisfies the following set of Bogomol'nyi equations 12 :
As one proceeds to writing the set of Bogomol'nyi equations in terms of bosonic physical fields, the auxiliary-fields ∆, S, P and M must be taken on-shell. The corresponding algebraic field-equations read:
The Bogomol'nyi equations (39), (41), (43) then imply that ρ * φ * 2 = 0, ϕ * φ * 2 = 0 and ϕ * ρ * φ * = 0 simultaneously for a bound-saturating field configuration. Such a condition may be fulfilled in two different ways: either one takes ϕ = ρ = 0, with a remaining non-trivial φ or, alternatively, one takes φ = 0, and leaves ϕ and ρ so far undetermined. At this point, one should account for the potential read from the action functional (37):
. As a matter of fact, only the first route, keeping the φ-field non-trivial and assuming null configurations for the scalars ϕ, ρ and N matches the minimum of the potential, at zero value 13 . So motivated, we consider the φ-field as a candidate to provide the non-perturbative spectrum with a vortex excitation associated to the coupling φ ↔ A. As a byproduct, saturating the bound this way, with vanishing ϕ and ρ, reduces the field-content of the model for a minimum energy configuration, and no need remains, at the bound, for a phenomenological interpretation of the graphene electronic degrees of freedom scalar partners 14 . Additionally, one should note that the φ-field is regarded as the scalar field-component of the Jackiw-Pi's Yukawa interaction term 15 . Therefore, a vortex configuration ansatz defined upon φ keeps the track of a Jackiw-Pi's extended theory proposal. 12 We assume the Wess-Zumino gauge to be fixed. Such a non-susy-covariant gauge-fixing choice imposes a redefinition of susy transformation group and algebra, and the resulting Wess-Zumino gauge preserving graded algebra mixes the original susy and U(1) transformations, turning the space-time derivative representation of the translation operator, Pµ = i∂µ, into a U(1)-gauge covariant extension, where the translation is represented by Dµ = ∂µ + ihAµ. 13 As far as the scalar-field φ is concerned, the potential does not allow for a minimum non-topological configuration.
14 One should note that the sign of the Fayet-Iliopoulos term has been so chosen that a topologically non-trivial minimum energy configuration for the φ-field is allowed. Had we considered the second possibility, with non-vanishing ϕ and ρ-fileds, the sign of the F.-I. term should accordingly be changed. 15 As a matter of fact, −φ 2 has a complex conjugation relation with J.-P's scalar ϕ, as one compares Eq. (37) to Eq. (1).
One can rephrase the Bogomol'nyi equations, as the set of field-equations (44) prevail and the choice to keep the φ-field is taken:
The equation (46) implies static configuration when the bound is saturated. Such a fact is easily verified by means of reimposing (46) everywhere in the Bogomol'nyi set of equations. Equations (45) and (47) are the ones to be satisfied by the following vortex configuration ansatz 16 :
In the ansatz above, R(r) and a(r) are real functions of r, and the vorticity, n, is an integer that labels the topological charge of the configuration. The magnetic field strength and the corresponding flux are:
Bogomol'nyi equations (45) and (47) then read, as one adopts the vortex configuration presented above:
Appropriate boundary conditions, with the assumption of finite energy (which parameterises the behavior at infinity) and of non-singular behavior (which controls R(0) and a(0)), associated to Eqs. (52) and (53) , allow one to probe, by means of numerical analysis [76] , topological vortices in the spectrum of the present model. The boundary conditions for the topological configuration are:
, a(∞) = 0, nR(0) = 0, a(0) = n. Consequently, the flux (51) turns out to be quantised:
The solution close to the origin assumes the form
As it takes to evaluate the functions R(r) and a(r) as r approaches infinity, one adopts the solutions of the system of equations (52) and (53) for infinitesimal variations apart from the corresponding boundary values [78] . On this token, one searches for the radial dependence of ǫ R (r) and δ a(r), defined as R(r→∞) =
− ǫ R (r) and a(r→∞) = 0 + δ a(r). It comes out from Eqs. (52) and (53) that
Assuming the r-dependence profile that prevails around the origin as well as the behavior for large rvalues, and taking into account the boundary conditions, we have numerically solved the equations of motion. In Fig. 1, we plot 18 the results for R(r) and a(r), with vorticity numbers n = 1, 2 and 3. In Fig. 2 , we show the magnetic field for the same set of parameter values adopted for Fig. 1 . 18 The minimal coupling constant is taken at the value h = 1, and for the non-trivial vacuum expectation value parameter one takes v = 0.3.
Conclusions and Perspectives
In a recent work [59] , we suceeded to show that the description of electronic degrees of freedom in monolayer graphene could be formulated in a supersymmetric framework. Moreover, the N =1 extension may be constructed in connection with the N =1-τ 3 -QED, which in its turn stems from a dimensional reduction of an N =1 gauge model built on Atiyah-Ward (2+2)-spacetime. However, such an approach failed to conciliate the fermion number symmetry (that would be associated to the electric charge) and the Yukawa term proposed by Jackiw and Pi.
Nevertheless, a straightforward N =1-extension of Jackiw-Pi's model was constructed in the present work, allowing for the Yukawa interaction while conserving fermion number, at the expense of introducing an extra pair of complex scalar superfields. Concerning the phenomenology of graphene, one is left with the challenge of providing physical interpretation to the bunch of extra fields needed to span a supersymmetric generalisation. As we tried to avoid extra superfields, the quest for a sort of embedding of global phase transformation in the superspace structure led us to the formulation of a further extended N =2-D=1+2-model. In such a framework, although extra superfields remained essential for the model, an R-parity-like picture was shown to account for the global phase/fermion number symmetry, allowing for a quite interesting physical connection between the electric charge conservation and an inherent superspace structure invariance.
At this point, however, we would like to stress that the N =2-extension has merits of its own, and this fact was explored here as a basis for the search for topologically non-trivial non-perturbative solutions. We started from the well known fact that an extended supersymmetry is the proper framework to establish the set of dynamical equations that provide the spectrum with, for instance, vortex excitations. Such equations happen to be the result of imposing triviality on half of the SUSY variations of fermionic fields. Also, the central charge in the supersymmetric algebra plays the role of the topological charge underlying soliton-like solutions. In this context, our results, in the present work, are the achievement of Bogomol'nyi equations and the corresponding numerical vortex solution, which still need to be properly compared in detail with other vortex solutions for graphene in the literature, especially those predicted by Jackiw's et al. model. Such a comparison will soon be reported elsewhere.
From another perspective, the issue of spontaneous supersymmetry breaking deserves attention as the N =2-D=1+2 setup mimics an N =1-D=1+3 structure, and a full analysis of the possible minima for the corresponding potential is still lacking. The result of this analysis is crucial to define mass eigenstates and is certainly of valuable help to understand the physical rôle of the extra fields. Our efforts to elucidate these matters will also be reported elsewhere.
Finally, we would like to make some comments about Majorana fermions. There is already evidence for their experimental realisation in condensed matter systems (see, for example, Refs. [49, 52] ), which do not include graphene. However, in the case of the latter material, theoretical predictions do exist: see, for example, Refs. [48, 53, 58] . All of those models commonly require superconductivity to be present, an exception being the work of Ref. [45] , in which the key ingredient is the explicit consideration of the so-called trigonal warping term in the Hamiltonian of graphene. In the present work, the λ-field, the supersymmetric partner of the bosonic field A µ , is a Majorana fermion "by birth". However, in order to properly state that Majorana fermions are present in our model, it is necessary to investigate whether massless and neutral eigenvectors arise from diagonalisation of the fermionic mass matrix evaluated at scalar fields configurations that match the minimum potential condition (gauge symmetry breaking). Furthermore, if this actually occurs, it would also be interesting to search for localised solutions for these Majorana fermions, in order that they do not combine to form Dirac ones, as one wishes that the neutral excitations could be measured. We will hopefully present such calculations in a future work.
